GENERALIZED EQUIDISTANT CHEBYSHEV POLYNOMIALS AND ALEXANDER KNOT INVARIANTS
Introduction
Knots and links appear in many areas of physics, particulary in electrodynamics, optics, liquid crystals, hydrodynamics [1] [2] [3] [4] . The main characteristics of knots and links follow from the axioms of skein relation and normalization, which lead to polynomial invariants [5] . Each knot and link is described by some definite polynomial. The most known polynomial invariants are Alexander [6] , Jones [7] and HOMFLY [8] ones.
The Chebyshev polynomials appear in different branches of mathematics, particulary in approximation theory, knot theory, combinatorics, differential equations, number theory [9] . As important mathematical instruments, they widely penetrate into different branches of physics. We exploit the Chebyshev polynomials and their generalizations for the description of knots and links [10] [11] [12] . To our mind, they have to play important role even as in the searching of new polynomial invariants.
In the present paper, we introduce the generalized equidistant Chebyshev polynomials T (k,h) of c A.M. PAVLYUK, 2018 kind k of hyperkind h, where k, h are positive integers. At the beginning, we unify the standard Chebyshev polynomials of the first kind and monic Chebyshev polynomials of the first kind with the help of one formula using the newly introduced notion of hyperkind h (h = 1 refers to all standard Chebyshev polynomials; h = 2 -to all monic Chebyshev polynomials). After that, a generalization means declaring h to be any positive integer and leads to generalized Chebyshev polynomials of the first kind. Analogously, one obtains generalized Chebyshev polynomials of the second kind. Thus, we fulfil the so-called horizontal generalization. The final step is making the vertical generalization, by using the method of equidistant coefficients. As a result, we expand the meanings of kind k to all positive integers and obtain the formula for generalized equidistant Chebyshev polynomials of kind k of hyperkind h.
Standard Chebyshev Polynomials
The standard Chebyshev polynomials of the first kind T
n (x) are introduced as
n (x) = cos(nθ), x = cos θ,
where n is a nonnegative integer. In our paper, the Chebyshev polynomials are characterized by two numbers -(k, h). Here, the letter k stands for "kind". In addition, we introduce a new notion of "hyperkind", for which we use the upper index h (in brackets); h = 1 refers to all standard Chebyshev polynomials. Thus, for all polynomials defined by (1), (k, h) = (1, 1). In the case of monic Chebyshev polynomials considered in the next section, h = 2. The relation
yields the recurrence relation for the standard Chebyshev polynomials of the first kind:
(1)
which can be considered as an alternative definition of T
n (x). Some examples of T
n (x) obtained from (3) are as follows:
The standard Chebyshev polynomials of the second kind V (1) n (x) are defined in the following way (k = 2, h = 1):
The relation sin (n + 2)θ + sin nθ = 2 cos θ sin (n + 1)θ (6) implies that definition (5) can be written in terms of the recurrence relation similar to (3):
Some first standard Chebyshev polynomials of the second kind are:
From the formula
one finds that definition (1) of T
n (x) can be rewritten in the form
As follows from (9), the Chebyshev polynomials T (1) n (x) and V (1) n (x) are connected by the formula
Here, we mean that V
−2 = −1, which follows from (7).
Monic Chebyshev Polynomials
The monic Chebyshev polynomials of the first kind T (2) n (x), (k = 1, h = 2), are defined by
n (x) = 2 cos(nθ), x = 2 cos θ.
The monic normalization means that all Chebyshev polynomials have the unit coefficients at the highest degree x n . The recurrence relation
can be considered as an alternative definition of T (2) n (x). Some first cases of T (2) n (x) are:
The monic Chebyshev polynomials of the second kind V (2) n (x) are defined as (k = 2, h = 2)
or, in terms of the recurrence relation,
The first monic Chebyshev polynomials of the second kind are:
Definition (12) of T (2) n (x) can be written in the form
The Chebyshev polynomials T
n and V (2) n are connected by the formula
where V
−2 = −1, being calculated from (16).
Horizontal Generalization of Chebyshev Polynomials: Expanding Hyperkind h to Infinity
The main idea for the horizontal generalization of Chebyshev polynomials consists of two steps. The first step is a unification of standard Chebyshev polynomials and monic Chebyshev polynomials of the same kinds. At the beginning, we unify (k = 1, h = 1) and (k = 1, h = 2) Chebyshev polynomials with the help of one formula; another formula unifies (k = 2, h = 1) and (k = 2, h = 2) Chebyshev polynomials. These formulas automatically lead to the second step of the horizontal generalization, by expanding the meanings of hyperkind h to infinity.
Generalized Chebyshev polynomials of the first kind
Thus, comparing (1) and (12), we write down the unified Chebyshev polynomials of the first kind T (h) n (x) by the formula:
for h = 1 and h = 2. From this formula, one obtains the generalized Chebyshev polynomials of the first kind, by expanding h to infinity, i.e., h being any positive integer: h = 1, 2, 3, 4, ... . Relation (2) written in the form h cos (n + 1)θ + h cos (n − 1)θ = 2 h h cos θ h cos nθ yields the recurrence relation for the generalized Chebyshev polynomials of the first kind
which can be taken for the definition of T 
From (20), (21), and (22), one has formulas for the standard Chebyshev polynomials of the first kind, if h = 1, and for the monic Chebyshev polynomials of the first kind in the case h = 2.
As an example, let us write (generalized) Chebyshev polynomials of the first kind of the third hyperkind. For (k = 1, h = 3), one has 
As follows from (9), definition (20) of T (h)
n (x) can be also written as
Generalized Chebyshev polynomials of the second kind
Comparing (5) and (15), we obtain firstly unified Chebyshev polynomials of the second kind (for h = 1 and h = 2). Second, these formulas are used to introduce the generalized ones by declaring the hyperkind h to be any positive integer. Thus, the generalized Chebyshev polynomials of the second kind V (h) n (x) are defined as
with h to be a positive integer. Relation (6) yields definition (27) in terms of the recurrence relation
In view of (28), some first generalized Chebyshev polynomials of the second kind are as follows:
By substituting h = 1 into (29), one has standard Chebyshev polynomials of the second kind; if h = 2 -monic ones. From formula (9), one finds that Chebyshev polynomials T (h) n (x) and V (h) n (x) are connected by the formula
where
−2 = −1 from (28). For example, (generalized) Chebyshev polynomials of the second kind of the third hyperkind, (k = 2, h = 3), are: (33)
Vertical Generalization of Chebyshev Polynomials: Expanding Kind k to Infinity
The next direction of a generalization of Chebyshev polynomials is the vertical generalization. This means expanding the meaning of kind k to infinity. The main idea for the vertical generalization is the method of equidistant coefficients. We now introduce the following notation for generalized Chebyshev polynomials: T (k,h) n (x). They are connected with the abovementioned polynomials in such way:
n (x). Now, we are going to generalize standard (and monic) Chebyshev polynomials by expanding the meaning of kind k.
Equidistant standard Chebyshev polynomials
The polynomials introduced here can be also called generalized Chebyshev polynomials of the first hyperkind or equidistant Chebyshev polynomials of the first hyperkind.
As an example, let us introduce the standard Chebyshev polynomials of the third kind T (7) (i.e., T (1) n (x) and V (1) n (x)), one obtains, as a result of the natural generalization, the following definition:
Some examples of T (3,1) n (x) are:
By using (4), (8) , and (35), it is easy to verify that
which demonstrates the property of equidistancy of the coefficients. By analogy, the definition of standard Chebyshev polynomials of arbitrary kind T (k,1) n (x) is: 
= 2kx
2 − 1,
The equidistancy of the coefficients in this case is expressed by the fact that the difference
is independent of k for any n (due to the linearity of T (k,1) n in k). Putting k = 1 in (37), one has (4), k = 2 gives (8), and k = 3 -(35).
Taking (10) and (5) in the form
and using the property of equidistant coefficiens, one easily finds the formula for equidistant standard Chebyshev polynomials of the third kind (of the first hyperkind):
and of arbitrary kind of the first hyperkind:
It is easy to verify, by using (6) , that (39) and (40) satisfy (34) and (36), correspondingly. At last, we prove (40). Indeed, the general formula has two equidistant coefficients α (k,1) and β (k,1) and looks as
Introducing the difference of neighboring equidistant coefficients
which are idependent of k, we have
Equidistant monic Chebyshev polynomials
They can be also called generalized Chebyshev polynomials of the second hyperkind or equidistant Chebyshev polynomials of the second hyperkind.
To introduce the monic Chebyshev polynomials of the third kind T 
Below, we give some examples of T 
Comparing (18) and (15) 
and using equidistant coefficiens, one obtains the formula for equidistant monic Chebyshev polynomials of arbitrary kind:
T (k,2) n (x) = sin(n + 1)θ sin θ + (k − 2) sin(n − 1)θ sin θ , x = 2 cos θ.
